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Resolução de problemas combinatórios

Prolog lecture 6

● Solving Sudoku puzzles

● Constraint Logic Programming

● Natural Language Processing

Resolvendo o quebra-cabeça SUDOKU

Lógica de programação com restrições
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Jogando Sudoku

2

Playing Sudoku

Prof. A. G. Silva Programação em Lógica 26 de outubro de 2017 3 / 1



Considerando um problema mais simples

3

Make the problem easier
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Modelagem em Prolog usando permutações de lista

4

We can model this problem in 
Prolog using list permutations

Each row must be a permutation of [1,2,3,4]

Each column must be a permutation of [1,2,3,4]

Each 2x2 box must be a permutation of [1,2,3,4]

Cada linha deve ser uma permutação de [1, 2, 3, 4]

Cada coluna deve ser uma permutação de [1, 2, 3, 4]

Cada quadrado 2x2 deve ser uma permutação de [1, 2, 3, 4]
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Representação do quadro como lista de listas

5

Represent the board as a list of lists

[[A,B,C,D],
 [E,F,G,H],
 [I,J,K,L],
 [M,N,O,P]]
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Predicado sudoku constrúıdo como restrições de

permutações simultâneas

teste :-

sudoku( [[_, _, 4, _],

[_, 2, _, _],

[_, _, 1, _],

[_, 3, _, _]] ).

sudoku( [[X11,X12,X13,X14],

[X21,X22,X23,X24],

[X31,X32,X33,X34],

[X41,X42,X43,X44]]) :-

%linhas

permutation([X11,X12,X13,X14],[1,2,3,4]),

permutation([X21,X22,X23,X24],[1,2,3,4]),

permutation([X31,X32,X33,X34],[1,2,3,4]),

permutation([X41,X42,X43,X44],[1,2,3,4]),

%colunas

permutation([X11,X21,X31,X41],[1,2,3,4]),

permutation([X12,X22,X32,X42],[1,2,3,4]),

permutation([X13,X23,X33,X43],[1,2,3,4]),

permutation([X14,X24,X34,X44],[1,2,3,4]),

%quadrados

permutation([X11,X12,X21,X22],[1,2,3,4]),

permutation([X13,X14,X23,X24],[1,2,3,4]),

permutation([X31,X32,X41,X42],[1,2,3,4]),

permutation([X33,X34,X43,X44],[1,2,3,4]),

%exibicao

write(X11), write(’ ’), write(X12), write(’ ’),

write(X13), write(’ ’), write(X14), nl,

write(X21), write(’ ’), write(X22), write(’ ’),

write(X23), write(’ ’), write(X24), nl,

write(X31), write(’ ’), write(X32), write(’ ’),

write(X33), write(’ ’), write(X34), nl,

write(X41), write(’ ’), write(X42), write(’ ’),

write(X43), write(’ ’), write(X44), nl.
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Aumento da escala de forma óbvia para 3×3

7

Scale up in the obvious way to 3x3
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Força bruta é impraticavelmente lenta

8

Brute-force is impractically slow

There are very many valid grids:

6670903752021072936960 ≈ 6.671 × 1021

Our current approach does not encode the 
interrelationships between the constraints

For more information on Sudoku enumeration:
http://www.afjarvis.staff.shef.ac.uk/sudoku/

Há uma quantidade muito grande de disposições na grade:
6670903752021072936960 ≈ 6.671 × 10^21

Nossa abordagem atual não codifica as inter-relações 
entre as restrições

Para obter mais informações sobre enumeração Sudoku:
http://www.afjarvis.staff.shef.ac.uk/sudoku/
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Programas em Prolog podem ser vistos como problemas de

satisfação de restrições

9

Prolog programs can be viewed as 
constraint satisfaction problems

Prolog is limited to the single equality constraint:
– two terms must unify

We can generalise this to include other types of  
constraint

Doing so leads to Constraint Logic Programming
– and a means to solve Sudoku problems (p319)

Prolog é limitado à restrição de igualdade única:
- Dois termos devem unificar

Podemos generalizar para incluir outros tipos de limitação

Isso leva à Programação de Lógica de Restrições 
(Constraint Logic Programming)
- Um modo de resolver problemas como o Sudoku
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Consideram-se valores de variáveis em um doḿınio e com

restrições

10

Consider variables taking values 
from domains with constraints

Given:
– the set of variables
– the domains of each variable
– constraints on these variables

We want to find:
– an assignment of values to variables satisfying the 

constraints

Dado:
- um conjunto de variáveis
- o domínio de cada variável
- restrições sobre estas variáveis

Pretende-se encontrar:
- Uma atribuição de valores a variáveis que satisfaçam às
   restrições
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Sudoku pode ser expressado como restrições

11

Sudoku can be expressed as 
constraints

A  {1,2,3,4} B  {1,2,3,4}

C  {1,2,3,4} D  {1,2,3,4}

E  {1,2,3,4} F  {1,2,3,4}

G  {1,2,3,4} H  {1,2,3,4}

I  {1,2,3,4} J  {1,2,3,4}

K  {1,2,3,4} L  {1,2,3,4}

M  {1,2,3,4} N  {1,2,3,4}

O  {1,2,3,4} P  {1,2,3,4}

First, we express the variables and domainsPrimeiramente, nós expressamos as variáveis e seus domínios:
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Expressando o Sudoku como um grafo de restrições

12

Express Sudoku as a Constraint 
Graph

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

As arestas representam desigualdades entre variáveis
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Restrição: todas as variáveis em cada linha são diferentes

13

Constraints: All variables in rows 
are different

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

Edges represent inequalities between variables
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Restrição: todas as variáveis em cada coluna são diferentes

14

Constraints: All variables in columns 
are different

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}
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Restrição: todas em cada quadrado são diferentes

15

Constraints: All variables in boxes 
are different

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}
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Exibição de todas as restrições juntas

16

All constraints shown together

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}
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Redução de doḿınio de acordo com os valores iniciais

17

Reduce domains according to 
initial values

{1,2,3,4}

{1,2,3,4}

{4}*

{1,2,3,4}

{1,2,3,4}

{2}*

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1}*

{1,2,3,4}

{1,2,3,4}

{3}*

{1,2,3,4}

{1,2,3,4}
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Ao alterar o doḿınio, atualizam-se suas restrições

18

When a domain changes we update 
its constraints

{1,2,3,4}

{1,2,3,4}

{4}*

{1,2,3,4}

{1,2,3,4}

{2}*

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1}*

{1,2,3,4}

{1,2,3,4}

{3}*

{1,2,3,4}

{1,2,3,4}

The asterisk (*) notation reminds
us that all constraints which connect

to this variable need updating

A notação de asterisco (*) nos lembra
de todas as restrições, cuja conexão
para esta variável precisa de atualização
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Atualização de restrições conectadas a C

19

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C

We will remove 4 from the
domain of A, B and D

Remove-se o 4 a partir
do domínio de A, B e D
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Atualização de restrições conectadas a C

20

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C

We add asterisks to A, B and D
...but will defer looking at them

Adiciona-se asteriscos a A, B e D
... mas trataremos deles posteriormente
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Atualização de restrições conectadas a C

21

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C

Now examine column
constraints

Examina-se as restrições
das colunas
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Atualização de restrições conectadas a C

22

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3}*

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C
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Atualização de restrições conectadas a C

23

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3}*

{1,2,3,4}{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C

Note that D and G have
already had their domains 

updated

Note que D e G já têm seus
domínios atualizados
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Atualização de restrições conectadas a C

24

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3}*

{1,2,3}*{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}*

{2}*{1}*

{3}*

Update constraints connected to C

We have exhausted C's
constraints for now

Esgotamos as restrições de C
por hora
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Atualização de restrições conectadas a F

25

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,2,3,4}

{1,2,3}*

{1,2,3}*{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}*{1}*

{3}*

Update constraints connected to F
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Atualização de restrições conectadas a F

26

{1,2,3}*

{1,2,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}*{1}*

{3}*

Update constraints connected to F
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Atualização de restrições conectadas a F
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Atualização de restrições conectadas a F

28

{1,2,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{1,2,3,4}

{1,3,4}

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}*{1}*

{3}*

Update constraints connected to F
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Atualização de restrições conectadas a F

29

{1,2,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{1,2,3,4}

{1,3,4}*

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}*{1}*

{3}*

Update constraints connected to F
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Atualização de restrições conectadas a F

30

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{1,2,3,4}

{1,3,4}*

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}*{1}*

{3}*

Update constraints connected to F

We have exhausted F's
constraints for now

Esgotamos as restrições de F
por hora
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Atualização de restrições conectadas a K

31

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{1,2,3,4}

{1,3,4}*

{1,2,3,4}

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}{1}*

{3}*

Update constraints connected to K
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Atualização de restrições conectadas a K
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Atualização de restrições conectadas a K

33

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{1,3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{1,2,3}*

{1,2,3,4}

{4}

{2}{1}*

{3}*

Update constraints connected to K

Prof. A. G. Silva Programação em Lógica 26 de outubro de 2017 34 / 1



Atualização de restrições conectadas a K

34

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{1,2,3,4}

{4}

{2}{1}*

{3}*

Update constraints connected to K
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Atualização de restrições conectadas a K

35

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{1,2,3,4}

{4}

{2}{1}*

{3}*

Update constraints connected to K
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Atualização de restrições conectadas a K

36

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}*

{3}*

Update constraints connected to K
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Atualização de restrições conectadas a K

37

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Update constraints connected to K

We have exhausted K's
constraints for now

Esgotamos as restrições de K
por hora
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Atualização de restrições conectadas a D

38

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Update constraints connected to D
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Atualização de restrições conectadas a D

39

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Update constraints connected to D

No values can be eliminated directly
(we should see the answer though!)

Nenhum valor pode ser eliminado diretamente
(mas devemos observar a resposta)
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Atualização de restrições conectadas a D

40

{1,3}*

{1,3}*

{1,2,3}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Update constraints connected to D
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Alteração pode ocorrer em doḿınio de origem

41

{1,3}*

{1,3}*

{1,2}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Change can occur in source domain

Single 3 at G eliminates D's 3
O único 3 em G elimina o 3 de D
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Alteração pode ocorrer em doḿınio de origem

42

{1,3}*

{1,3}*

{1,2}*

{1,3,4}*

{3}*

{1,3}*{2,3,4}*

{3,4}*

{2,3,4}*

{1,2,3,4}

{2,3}*

{2,3,4}*

{4}

{2}{1}

{3}*

Change can occur in source domain

If the source domain changes we mark all its
constraints for update again

Se o domínio de origem modificar, marca-se todas
as suas restrições para uma nova atualização
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Convergência do algoritmo (nenhuma alteração ocorrerá)

43

{3}

{1}

{2}

{4}

{3}

{1}{2}

{4}

{3}

{1}

{2}

{4}

{4}

{2}{1}

{3}

Iterate the algorithm to convergence 
(no further changes occur)

Why will the algorithm eventually converge?
Por que o algoritmo converge eventualmente?

Prof. A. G. Silva Programação em Lógica 26 de outubro de 2017 44 / 1



Resultado 1: doḿınios de valor único

44

Outcome 1: Single valued domains

{3}
{1}

{2}

{4}

{3}
{1}{2}

{4}

{3}

{1}

{2}
{4}

{4}

{2}{1}

{3}

We have found a unique solution to the problem
Encontra-se uma única solução para o problema
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Resultado 2: Alguns doḿınios vazios

45

Outcome 2: Some empty domains

Variables
A  {1}

B  {1,2}

 C  {1,2}

Constraints
A ≠B, A ≠C, B ≠C

A

BC

{1}

{1,2}{1,2}

Our constraints are shown to be inconsistent
– therefore there is no solution to this problem

Variáveis

Restrições

As restrições mostram-se inconsistentes
- Não há nenhuma solução para este problema
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Resultado 2: Alguns doḿınios vazios

46

Outcome 2: Some empty domains

Variables
A  {1}

B  {1,2}

 C  {1,2}

Constraints
A ≠B, A ≠C, B ≠C

{2}{2}

Our constraints are shown to be inconsistent
– therefore there is no solution to this problem

A

BC

{1}

As restrições mostram-se inconsistentes
- Não há nenhuma solução para este problema

Variáveis

Restrições
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Resultado 2: Alguns doḿınios vazios

47

Outcome 2: Some empty domains

Variables
A  {1}

B  {1,2}

 C  {1,2}

Constraints
A ≠B, A ≠C, B ≠C

{2}{}

Our constraints are shown to be inconsistent
– therefore there is no solution to this problem

A

BC

{1}

As restrições mostram-se inconsistentes
- Não há nenhuma solução para este problema

Restrições

Variáveis
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Resultado 3: Alguns doḿınios multivalorados

48

Outcome 3: Some multivalued 
domains

{3}
{1}

{2}

{4}

{1,2,3}
{1,2,3}{1,2}

{4}

{1,2,3}

{1,2}

{1,2}
{1,2,3,4}

{4}

{2}{1,2,3}

{3}

Not all combinations of these variable assignment 
possibilities are global solutions though...
Apesar de que nem todas as combinações destas 
possibilidades de atribuição de variável são soluções 
globais...

Prof. A. G. Silva Programação em Lógica 26 de outubro de 2017 49 / 1



Resultado 4: Rotulação (etiquetagem) de hipóteses

49

Outcome 3: Hypothesise labellings

To find global solutions from the narrowed 
domains we hypothesise a solution in a domain 
and propagate the changes

Backtrack if something goes wrong

Para encontrar soluções globais a partir de domínios 
pequenos, efetua-se a hipótese de solução em um 
domínio e propagam-se as mudanças

Backtrack se algo der errado
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Usando CLP (Constraint Logic Programming) em Prolog

:- use_module(library(clpfd)).

teste :-

sudoku2( [[_, _, 4, _],

[_, 2, _, _],

[_, _, 1, _],

[_, 3, _, _]] ).

valid4(L) :- L ins 1..4, all_distinct(L).

sudoku2( [[X11,X12,X13,X14],

[X21,X22,X23,X24],

[X31,X32,X33,X34],

[X41,X42,X43,X44]] ) :-

%linhas

valid4([X11,X12,X13,X14]),

valid4([X21,X22,X23,X24]),

valid4([X31,X32,X33,X34]),

valid4([X41,X42,X43,X44]),

%colunas

valid4([X11,X21,X31,X41]),

valid4([X12,X22,X32,X42]),

valid4([X13,X23,X33,X43]),

valid4([X14,X24,X34,X44]),

%quadrados

valid4([X11,X12,X21,X22]),

valid4([X13,X14,X23,X24]),

valid4([X31,X32,X41,X42]),

valid4([X33,X34,X43,X44]),

%rotulacao

labeling([],[X11,X12,X13,X14,X21,X22,X23,X24,

X31,X32,X33,X34,X41,X42,X43,X44]),

%exibicao

write(X11), write(’ ’), write(X12), write(’ ’),

write(X13), write(’ ’), write(X14), nl,

write(X21), write(’ ’), write(X22), write(’ ’),

write(X23), write(’ ’), write(X24), nl,

write(X31), write(’ ’), write(X32), write(’ ’),

write(X33), write(’ ’), write(X34), nl,

write(X41), write(’ ’), write(X42), write(’ ’),

write(X43), write(’ ’), write(X44), nl.
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Referências

Baseado no material da Universiade de Cambridge (com adaptações

no programa para SWI-Prolog):

https://www.cl.cam.ac.uk/teaching/0809/Prolog/

Outros problemas interessantes:

https://github.com/triska/clpfd
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